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1 Introduction

Of longstanding interest in economics and antitrust, vertical integration has received renewed
attention in recent merger cases and in public policy debates related to big tech.! Tradi-
tionally, it has been viewed favorably by competition authorities largely because, in settings
with complete information and linear prices, it has the procompetitive effect of eliminating
double marginalization. However, efficiencies that hinge on restrictions of the contracting
space cannot be shown to be merger specific because they could be achieved without the
merger if those restrictions were lifted and, for example, two-part tariffs were permitted.?
As a matter of principle, within the independent private values framework, incomplete
information models embody an inherent tradeoff between rent extraction and social surplus
without any restrictions on the contracting space and thus offer a possible remedy. Para-
phrasing one particularly astute observer, economists should take incomplete information
models to heart because, in models with complete information, two-part tariffs are simply
too powerful. The challenge encountered by the incomplete information approach to vertical
integration to date is that, away from the rather special cases of markets with one buyer
(seller) and possibly multiple sellers (buyers) with single-unit demand and supply prior to
integration, the approach lacks tractability and poses modeling questions that are difficult

to resolve.?

1See, e.g., Baker et al. (2019); Luco and Marshall (2020); Kang and Muir (2022). The new Vertical
Merger Guidelines released by the U.S. DOJ and FTC in 2020 (replacing the 1984 Non-Horizontal Merger
Guidelines) paint a largely favorable view of vertical mergers, emphasizing the possibility that a vertical
merger eliminates a double markup and thereby has procompetitive effects. For example, they state that
“vertical mergers often benefit consumers through the elimination of double marginalization, which tends to
lessen the risks of competitive harm” (p. 2) Consistent with that generally positive view of vertical mergers,
the 2018 vertical merger of AT&T and Time Warner was approved by the Courts amidst various objections.
The traditional overall favorable view of vertical mergers is currently being challenged, partly in light of
concerns over acquisitions by big tech companies. In September of 2021, the FTC rescinded its support for
the 2020 Vertical Merger Guidelines, with commissioners commenting that the guidelines did not appreciate
various mechanisms by which vertical mergers could be harmful to consumers and competition (FTC 2021).
The wisdom of the AT&T-Time Warner merger is itself in question as AT&T is in the process of divesting
the Time Warner assets that they acquired in 2018.

2 Antitrust practice generally looks for any claimed merger efficiencies to be merger specific (see, e.g.,
U.S. Horizontal Merger Guidelines (https://www.justice.gov/atr/public/guidelines/hmg-2010.pdf), p. 28;
Vertical Merger Guidelines, p. 11). The Vertical Merger Guidelines (p. 12) elaborate that the agencies will
consider “contracts between similarly situated firms in the same industry and contracting efforts considered
by the merging firms,” but that “The Agencies do not, however, reject the merger specificity of the elimination
of double marginalization solely because it could theoretically be achieved but for the merger, if such practices
are not reflected in documentary evidence.” See also Choné et al. (2021) for an in-depth discussion of the
problems associated with arguments based on the elimination of double markups when double markups arise
because of restrictions on the contracting space. Further, Loertscher and Muir (2022) show that a monopolist
may optimally use linear prices prior to market consolidation but not after.

3See Loertscher and Marx (2022) for specifications of generalized Myerson and Satterthwaite (1983)
settings in which vertical integration increases or decreases expected social surplus. The difficult modeling
choices faced by this approach for generalizations stem from the need to transform the type distributions
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In this paper, we analyze the effects of and incentives for vertical integration in an
independent private values model that sidesteps the aforementioned problems. Firms strate-
gically interact in an input market. Each firm requires a resource—for example, mobile
telephony companies need spectrum licenses, furniture producers require wood, electric ve-
hicle manufacturers require batteries—as an input to serving a downstream market, to which
it has exclusive access among the firms interacting in the input market. Firms have constant
marginal values for the input up to some commonly known maximum demand. These values
are the private information of the firms and are drawn from continuous distributions with
identical support, which is also commonly known. We allow for general ownership structures
over the scarce input. Firms that own as much as their maximum demand will only ever
trade as sellers in the input market, where their value is the opportunity cost for selling.
Likewise, firms with zero ownership will only ever trade as buyers in the input market. In
contrast, firms that have positive ownership that is less than their maximum demand are
(partially) vertically integrated and under the first-best will trade as buyers if their values
are high, as sellers if their values are low, or not trade at all if their values are equal to the
Walrasian price. As in Loertscher and Marx (2022), we model the market as an incentive
compatible and individually rational mechanism that must not run a deficit. For most of
the paper, we assume that the market maximizes equally weighted expected social surplus,
subject to these constraints. Vertical integration is modeled as a transfer of resources that
occurs before private information is realized.

We show that vertical integration is inherently neither good nor bad because a certain
degree of vertical integration is necessary and sufficient for the first-best to possible. This
resonates with and reinforces the message from Loertscher and Marx (2022) that incomplete
information settings provide no basis for a presumption that vertical integration is socially
desirable. Assuming that there is a fixed cost of operating the upstream facility, that is,
of owning resources, which implies that it is sometimes efficient for firm to transfer all
the resources it owns and thereby shut down its upstream unit, the model also provides a
rationale and guidance for divestitures following vertical integration.* The model also allows
us to shed new light on the question of the boundaries of firms. We show that the boundaries
of the firms relate to incentives for raising rivals costs. Assuming that vertical integration,

modeled as a bilateral transfer of resources prior to the realization of private information,

from two independent entities pre integration into a single distribution post integration in order to maintain
the a single dimension of private information.

4For example, in the U.S. Department of Justice’s review of the Halliburton-Baker Hughes merger,
consideration was given to requiring divestitures, but emphasis was placed on the need for assets to be
divested to a firm, such as GE, that already had a presence in the market (“Halliburton, Baker Hughes in
Talks to Sell $7 Billion of Assets to Carlyle Group,” Wall Street Journal, April 14, 2016, https://www.ws;j.
com/articles/halliburton-baker-hughes-in-talks-to-sell-assets-to-carlyle-group-1460658525).
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continues as long as such transfers are profitable, we first show that with two firms, the
equilibrium level of vertical integration corresponds to the levels of vertical integration, or
ownership structures, that permit the first-best.> For the case with two firms, we also
completely characterize the first-best permitting levels of vertical integration and show that
an increase in either firm’s maximum demand increases the range of first-best permitting
ownership structures. With more than two firms, bilateral transfers of resources involve
externalities that can harm rivals. Because of the possibility of raising rivals’ costs, the
alignment of first-best permitting ownership structures and those that arise in equilibrium
does not extend to three or more firms, suggesting a fundamental tension between equilibrium
and the planner’s optimum and a role for ongoing antitrust vigilance.%

This paper contributes to an emerging literature on incomplete information industrial
organization.” For example, Choné et al. (2021) show that in an incomplete information
setup, vertical integration eliminates double markups even in the absence of contract re-
strictions in the sense of reducing information rents in transactions between upstream and
downstream firms—elimination of double marginalization is not an artefact of contractual
restrictions and so can be merger specific. Kang and Muir (2022), who use an incomplete
information model to analyze the effects of a dominant platform, is another case in point.
Using a mechanism design approach, they show that a monopoly platform that can sell its
own product downstream optimally price discriminates against independent suppliers, who
are harmed by the platform’s in-house production, but that in equilibrium in-house produc-
tion benefits consumers. Larsen and Zhang (2021) show how one can consistently estimate
the underlying distributions and bargaining weights given data on market outcomes, assum-
ing only that the allocations and payments derive from an incentive compatible mechanism,
without restrictions on the underlying extensive form. There are a number of empirical
papers looking at bargaining problems in incomplete information setups, including Backus
et al. (2020), Backus et al. (2019), Larsen (2021), and Byrne et al. (2021).

In addition, we have a number of contributions under the header of incomplete informa-
tion industrial organization (for an overview, see Loertscher and Marx, 2021b). In particular,
Loertscher and Marx (2022) sets up an incomplete information bargaining setup with mul-

tiple buyers and multiple suppliers interacting in a market, where each has a potentially

5This resonates with an insight from oligopoly models that vertical integration is beneficial in highly
concentrated markets (see e.g. Riordan, 1998; Loertscher and Reisinger, 2014).

6This is reminiscent of the example of Aivazian and Callen (1981) showing that in contrast to the case
of two players, with three players, one can have an empty core and breakdown of the Coase theorem.

"An oligopoly model precursor is Farrell and Shapiro (1990), which examines a Cournot setup with
complete information in which firms’ asset holdings reduce their marginal costs. In that setup, increases in
the asset holdings of the largest firm shift production towards the largest, and therefore lowest-cost, firm and
so increase welfare; whereas, in our setup, increases in the resources of the largest firm can reduce welfare.



different underlying type distribution and different bargaining power. The view that we take
there of a market as a mechanism is something that we also adopt for the present paper.
For a procurement setup with buyer power, we analyze unilateral effects in Loertscher and
Marx (2019) and analyze coordinated effects in Loertscher and Marx (2021a).

Our approach builds on results and methodology developed in the literature on the effi-
ciency of bilateral and multilateral trade from Myerson and Satterthwaite (1983), Williams
(1987), and Gresik and Satterthwaite (1989). That some vertical integration is necessary
and sufficient for the first-best in our setting relates to the partnership literature initiated by
Cramton et al. (1987), with subsequent contributions by Che (2006), Figueroa and Skreta
(2012), and Liu et al. (2022), among others. The second-best mechanism that is required
when the first-best is not possible builds on work by Lu and Robert (2001) and Loertscher
and Wasser (2019).

The remainder of the paper is organized as follows. In Section 2, we provide the setup, and
in Section 3, we define the market mechanism. In Section 4, we analyze vertical integration
as it relates to the first-best. In Section 5, we consider implications for the boundaries of the
firm. In Section 6, consider extensions that allow for investment. In Section 6.3, we extend
the model to allow incomplete information bargaining with bargaining weights. Section 7

provides additional discussion. Section 8 concludes the paper.

2 Setup

We consider a setup with n > 2 firms and denote the set of firms by N = {1,...,n}. Each
firm ¢ is endowed with resources r; > 0, where the total supply of resources is denoted by
R =3, i, and has positive maximum demand of k; € [r;, R] for those resources for use
in a downstream market to which it has exclusive access.® We denote the total demand by
K= ZieN k;. Our assumption that 0 < r; < k; for all 7 implies that 0 < R < K. To focus
on the interesting case, we assume in addition that 0 < R < K so that there is positive
supply and excess demand.

Firm ¢’s constant marginal value for the good, denoted 6;, is an independent draw from
distribution F; with support [0, ], where 0 < # < 6, and density f; that is positive on the

interior of the support.? To begin, we take firms’ resource endowments as fixed and focus

8If, contrary to our assumption, k; < r;, then firm i is has no value for r; — k; units, which it is willing
to sell for free. And if, contrary to our assumption, k; > R, then firm ¢ has demand that cannot be met and
so can be ignored. It is without loss to assume, as we do, that k; > 0, for otherwise, the assumption that
k; > r; would imply that r; = k; = 0, and so we could just eliminate i from the market.

9We can accommodate differing/non-overlapping supports. In that case, for example, if a firm whose
value for the resource is drawn from a distribution with a higher, non-overlapping support has resources
equal to its maximum demand, then that firm essentially leaves the market.

4



on trades among firms after the realization of types. Then we turn to the issue of ex ante
transactions of endowments.

We categorize firms as buyers, sellers, or vertically integrated firms. Firm ¢ is a buyer
if it has no resources of its own to sell, r; = 0, or if there is no external demand for any
resources it has, for all j € NM\{i}, k; = rj; firm 7 is a seller if it has no demand for
additional resources, k; = r; or the are no available resources to purchase, > jen\iit i = 0;
and otherwise firm ¢ is said to be wertically integrated. Thus, for any vertically integrated
firm 4, we have 0 < r; < k;. Further, if firm ¢ is vertically integrated, then there is some
firm j with r; < k; to whom firm ¢ might sell, and some firm j" (possibly with j = ;') with
0 < ;s from whom firm 7 might buy.

Related setups with the restriction that k; = R for all : € N are used to analyze when
the first-best is possible in a partnership context, including Cramton et al. (1987), who
have F; = F for all i, and Che (2006), who allows distributions to differ. Also related
are setups used to analyze profit-maximizing and second-best outcomes, including Lu and
Robert (2001), who have F; = F and k; < R, and Loertscher and Wasser (2019), who
allow distributions to differ, but with k; = R. In contrast, we analyze both first-best and
second-best outcomes in a setting that allows, but does not require, differing distributions

and k; < R.

3 Market mechanism

We model the market mechanism as a direct mechanism (Q, M) that consists of an allo-
cation rule Q : [6,0]" — [0, R]" and payment rule M : [§,6]" — R", where for reports 6,
Q:(0) specifies the quantity allocated to firm ¢ and M;(0) specifies the payment from firm
i to the mechanism.'’ Feasibility requires that ) . \ Q;(0) < R. We focus on incentive
compatible, individually rational mechanisms (see Appendix A.1 for formal definitions) that
have no deficit in expectation, i.e., Eg[Y_, \ M;(0)] > 0.'' Firm ¢’s (interim) outside option
associated with not participating in the mechanism is 6;r;.

Given mechanism (Q, M), denote firm i’s interim expected allocation by

qi(0:) = Eq_,[Qi(0:,6 )]

0By the Revelation Principle, a focus on direct mechanisms is without loss of generality.

HTn our independent private values setting, any Bayesian incentive compatible and interim individually
rational mechanism can be implemented with dominant strategies and ex post individual rationality. By
construction, it yields the same interim and hence ex ante expected payoffs and revenue. Thus, while we
formally state our assumptions in Appendix A.l in terms of Bayesian incentive compatibility and interim
individual rationality, one could also use the ex post versions of those constraints. However, under what
conditions the no-deficit constraint can be allowed to hold ex post remains an open question.



and firm ¢’s interim expected payment by
m;(0;) = Eq_,[M;(0;,0_;)].

Firm ¢’s interim expected payoff from participation in the mechanism is
wi(0;) = qi(0;)0; — m;(0;).

Given (Q, M), firm i’s worst-off type is 0, € [0, 0] that minimizes the interim expected

payoff of firm ¢ net of the firm’s outside option:

A

0:€1[0,0]

While 6, depends on the mechanism and endowment, to conserve notation we drop these
arguments where the meaning is clear. Standard arguments (see, e.g., Cramton et al., 1987)

imply that:

Lemma 1. Given an incentive compatible, individually rational mechanism (Q, M), if ¢;(0;)

is continuous and satisfies q;(0) < r; < qi(0), then firm i’s worst-off type 0; satisfies
qi(0;) = 4.

As explained in (Cramton et al., 1987, p. 618), intuitively, the worst-off type expects on
average to be neither a buyer nor a seller, and therefore a firm with the worst-off type has
no incentive to overstate or understate its valuation and so does not need to be compensated
to induce truthful reporting, which is why it is the worst-off type.

It follows from Lemma 1 that under the first-best allocation rule, which allocates R to
the firms with the highest types,'? if firm i is a seller, then ; = @; if firm 4 is a buyer, then
éi = ¢; and if firm ¢ is vertically integrated then él is interior.

By appropriately defining virtual type functions for our setting, we can use standard
mechanism design arguments (see, e.g., Krishna, 2002, Chapter 5.1) to write each firm’s
expected payment to the mechanism in terms of the virtual types and the allocation rule.
Specifically, define the wvirtual type functions associated with net buyers and suppliers, re-
spectively, by

UB(0)=0— 1T]:;Z>(Q> and U9 (0) =0+ ?}((g))

12Under the first-best allocation rule, the interim expected allocation of firm i with type § is R —
Zje./\f\{i} k;, which is less than or equal to r; by our assumption that r; < k; for all j € N, and the

interim expected allocation of firm i with type 6 is k;, which is greater than or equal to r; by assumption.



In addition, define the overall virtual type function with cutoff type z by:!3

vo(0) if 6 <,
UB(0) otherwise.

7

U, (0,z) =

Using these virtual type functions, we then have:

Proposition 1. Given an incentive compatible, individually rational mechanism (Q, M),

firm i’s expected payment to the mechanism is
o, [mi(0:)] = o, | W:(0:,0:)qi(6) | — ui(6y), 2

where uz(@z) > 1,0, (and uz(éz) = 1.0 if individual rationality binds for firm i).
Proof. See Appendix A.2.

For buyers and sellers, the expression for firm i’s expected payment to the mechanism
in Proposition 1 reduces to the usual expressions. If firm ¢ is a buyer, then 6, = 0, and so
by Proposition 1, firm ¢’s expected payment to the mechanism when individual rationality
binds is the expectation of the buyer’s virtual value times its allocation:

g, [mi(0:)] = Eo,[V7 (0:)q:(6,)).
If firm ¢ is a seller, then 6, = 6, and so by Proposition 1, firm i’s expected payment from the

mechanism when individual rationality binds is the expectation of the seller’s virtual cost

times the quantity that it sells:'*

Eo, [mi(6;)] = Eo, [U7 (6:)(rs — qi(6:)))-

4 Socially optimal degrees of vertical integration

We begin our analysis of vertical integration by examining when the first-best is possible.
Let Q¢ denote the first-best allocation rule, i.e., Q¢(80) allocates the total resources R to

the firms so as to maximize the sum of the firms’ types multiplied by their allocations (as

13Virtual type function W;(#,z) is not increasing in @ if z is interior—in particular, it jumps down at
@ = x. As a result, when considering the second-best allocation rule, we will need to define the ironed
version of ¥, to address this nonmonotonicity, but we can postpone that for now.

14To see this, note that Eg,[m;(0;)] = Eg, [V (0;)q:(0;)] — Or;, where ¢; is the quantity retained by the
seller, so 7; — ¢; is the quantity sold. Rewriting this using Eg, U7 (6;)] = 6, we have the result.

7



mentioned above, we ignore ties between firms’ types, which occur with probability zero).

We let ¢¢(6;) denote firm 4’s interim expected allocation under the efficient allocation rule:'®

q; (0;) = Eo_,[Q7(0)].

Then, using Lemma 1, firm ¢’s worst-off type under the efficient allocation rule, @f, satisfies

~e

g (0;) = .

To see that such a @f is well defined, note that ¢f is continuous and increasing with ¢f(8) = 0

and ¢f(0) = min{k;, R} = k; > r;.

We say that the first-best is possible if there exists an incentive compatible, individually
rational, no-deficit mechanism that achieves the first-best allocation, i.e., that has allocation
rule Q°. Let II°(r) denote the maximal expected revenue of an incentive compatible, indi-
vidually rational mechanism with a first-best allocation rule, given resource endowment r.
Because I1¢(r) is the maximal revenue, it follows that the individual rationality constraint

binds for firms” worst-off types in the associated mechanism, so, using Proposition 1, we have

() = 3 (B, |0, 8)a(0)| — 78 (3)

ieN
It then follows that the first-best is possible if and only if
II°(r) > 0.

For example, if T1¢(ry) > T1¢(rg) > 0, then the first-best is possible under both r; and ro,

BFor the case of symmetric maximum demands, i.e., for all i € N, k; = k, the first-best allocates the
total supply of R to the firms with the highest types, “filling up” each firm up to its maximum demand before
allocating units to a firm with a lower type. Assuming symmetric distributions, i.e., for alli € N, F; = F,
the probability of the ¢-th highest out of 8_; being greater than or equal to 6; is

n—1

> (n j— 1> (1= F(6:)Y F (9",

=t

Using [z] to denote the smallest integer greater than or equal to « and temporarily letting y = [R/k] to make
the expression below easier to read, it follows that with symmetric maximum demands and distributions,

n—1
) = k(l— > (n]_-1)(1—F(ei))jF(9i)"‘1‘j)

j=y—1

== 0w (1 1)@= FoEe)



and there is more slack to achieve the first-best under r; than under rg.
One can show that there exists an endowment such that the first-best is possible and
that the unique endowment vector that maximizes the expected budget surplus, denoted r*,

is the unique one that equalizes the firms’ worst-off types:

Lemma 2. (Liu et al., 2022, Lemma 2 and Theorem 1) There exists a unique resource
vector v such that 0,(rt) = --- =0, (r*) = 6", where 8" € (0,0); moreover, r* is the unique
maximizer of 11¢, with

I1°(r*) = mELXHE(r) > 0.

4.1 Role of vertical integration in achieving the first-best

To derive implications for vertical integration, observe first that the result of Lemma 2 that
0 € (0,6) implies that r* € (0, k;) for all i. Thus, maximizing IT¢(r) requires that all firms
be vertically integrated. And, further, an appropriate degree of vertical integration, namely
r*, is sufficient for the first-best to be possible.

In addition, vertical integration is necessary for the first-best to be possible. To see this,
suppose that for all 7, r; € {0, k;}, so that all agents are either buyers or sellers, i.e., there is
no vertical integration. Then the impossibility results for first-best trade from Myerson and
Satterthwaite (1983) and Delacrétaz et al. (2019) imply that first-best trade is not possible

without running a deficit. Thus, we have the following result:

Proposition 2. The first-best is not possible in the absence of vertical integration and is

possible when all firms are vertically integrated with endowments r*.

By Proposition 2, some degree of vertical integration is necessary for the first-best to be
possible, and an appropriate level of vertical integration is sufficient for the first-best to be
possible. Further, using Lemma 2, shifts in endowments towards r*, support achieving the
first-best. For example, in the case of symmetric distributions and capacities, i.e., rf = R/n
for all 7 € N, so movement towards symmetric endowments increases II° and supports
achieving the first-best.

The connection between whether the first-best is possible and the endowment vector r*
brings to the forefront the question of how r* varies with the size and strength of firms in
the market. The possibility of differences in the maximum demands, k; and ks, allow for
differences in firm sizes, and any differences in F} and F;, can be thought of as differences in
productivity across the two firms. Because, all else equal, k; > k; implies ¢;(6) > ¢;(0) for
0 € (0,0), and F; first-order stochastically dominates F; implies q;() > ¢;(6) for 6 € (8,0),



we have the following result:'6

Proposition 3. If F; = Fj, then k; > k; implies i > 17; and if k; = kj, then Fi(0) < F;(0)
for all 6 € (0,0) implies r} > T

Thus, “larger” firms with larger maximum demands and “stronger” firms with better
distributions in the sense of first-order stochastic dominance have more resources under r*.
Focusing on the case of n = 2, we can provide a full characterization of r*. Firm 4’s
interim expected allocation is ¢;(6) = R — k; + (K — R)F;(0), where j # i. For both firms to
have the same worst-off type 0, 6 has to satisfy q1(6) + ¢2(f) = R. Straightforward algebra
then reveals that § satisfies
Fi(0) + Fy(0) = 1.

In other words, the common worst-off type 6 does not vary with k. Using qz(@) =71, we
have, for i # j,

~

ri = (K — R)F;(0) + R — k;j,

which implies that

or* A . or*

— =F;(0) >0>—(1—-F;(0)) = —. 4

o =50 (- F0) =52 g
For example, if the firms’ distributions are symmetric, then E(é) = % and sor* > R—r"

if and only if k; > ko, which says that the endowment that maximizes I1¢(r) gives relatively
more to a firm with the greater maximum demand. As another example, if k; = ky = R, then
r* > R—r* if and only if Fy(0) < F5(0), which says that the endowment that maximizes IT¢(r)
gives a relatively more to a firm whose type distribution first-order stochastically dominates
that of the other firm.

Summarizing, we have the following result:

Proposition 4. For n =2, a firm’s endowment under r*:
(1) increases in its own mazximum demand,
(i)
(iii) increases with FOSD shifts in its distribution, and
)

(iv) decreases with FOSD shifts in its rival’s distribution.

decreases in its rival’s mazrimum demand,

Proof. The results for changes in maximum demands follow from 4. For the proof of results

for changes in distributions, see Appendix B.

16See Liu et al. (2022). In addition, Proposition 3 is related to the result obtained by Che (2006) for the
case with k; = 1 for all : € A/ and distributions ranked by first-order stochastic dominance.
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Turning to the relative degree of vertical integration of each firm i, defined as rf* = r} /k;,

we have K_R Rk
R — 0 N
= F;(0
Tz k’L J( ) + kz )
where 6 is the firms’ common worst-off type under r*. It then follows that daf = R;_ij (1 —

R
or;

T < 0, where the final

FJ@)) and % = —k%,(l — Fj(é)), which implies that ‘Z)L]i <

inequality is strict unless k; = R, giving us the following result:

Proposition 5. Forn = 2, a firm’s relative degree of vertical integration decreases in both

firms” maximum demands.

Thus, even though an increase in a firm’s maximum demand increases its endowment

under r*, it decreases its relative degree of vertical integration under r*.

4.2 Rationale and guidance for divestitures

With these results in hand, we can consider the effects of shifts in endowments.
Letting ITQ be the expected budget surplus associated with allocation rule Q and binding
individual rationality, and letting é?(n) be the worst-off type of firm ¢ with endowment 7;

under allocation rule Q, we have:

Proposition 6. Given incentive compatible mechanism (Q, M), r with 9?(7“1) > 9?(7“2),
and A € (0, min{k; — r1,r2}],

HQ(Tl—FA,T’Q—A,T’g,...,Tn)—HQ<I') < 0. (5)
Proof. See Appendix B.

Thus, holding fixed the allocation rule, the budget surplus under binding individual
rationality decreases as endowment is shifted from a firm with weakly lower endowment to
one with weakly greater endowment. As intuition for why this holds, note that the left side
of (5) depends only on payments from firm 1 and firm 2. The allocation is fixed, so changes
in their payments relate only to the values of their outside options, rlé?(rl) and rZé;Q(Tg),
where the mapping 9?() is increasing and does not vary with the shift in endowments.
Shifting endowment to the firm with the weakly larger worst-off type improves the total
outside option for the firms’ worst-off types and thus reduces payments to the mechanism
by firms 1 and 2.

We now use Proposition 6 as a stepping stone to prove an additional result. We say that

endowment vector r’ majorizes r if for all k € N, Zle 7“{2-] > Zle (i), Where rp; is the ¢-th
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largest element of r, with a strict inequality for some k£ and equality for £ = n. As shown
in Marshall et al. (2011, Lemma B.1), if v’ majorizes r, then r can be obtained from r’ by
a finite number of transforms of the form described in Proposition 6.}7 Thus, we have the
following result:'®

Proposition 7. Assuming symmetric distributions and maximum demands, given incentive

compatible mechanism (Q, M), if v’ majorizes r, then IIQ(r') < TI%(r).
Proof. See Appendix B.

The assumption in Proposition 7 of symmetric distributions and maximum demands
implies that 9?() = 9?() for all 7 and j. Thus, the condition of Proposition 6 that 9?(1“1) >
9?(7"2) reduces to r; > 7y, and so a majorization of the endowment vector is sufficient to
reduce I19.

Proposition 7 implies that with symmetric distributions and maximum demands, the
acquisition by one firm of the production capacity of another firm that has a weakly smaller
capacity has the potential to cause a market that is efficient to become inefficient.'* We
illustrate this in Figure 1. In the example of panel (a), there are four symmetric firms,
and the first-best is possible when each firm has an endowment of 1/4, but not following the
acquisition by firm 1 of all of firm 2’s endowment, which corresponds to r; = 2/n in the figure.
This is apparent from the figure because I1°(r) is negative when r; = 2/n. In panel (b), there
are five symmetric firms. The first-best is possible when each firm has an endowment of 1/5,
and it remains possible after firm 1 has acquired all of firm 2’s endowment (r; = 2/n) because
there I1°(r) remains positive, illustrating that even when some firms’ endowments are zero,
that does not necessarily imply that the first-best becomes impossible. But the first-best is
no longer possible after firm 1 has acquired all of the endowments of both firm 2 and firm 3
(r1 = 3/n). The “kink” in the figure corresponds to the point at which the endowment for
firm 2 reaches 0 and firm 1 starts to draw from the endowment of firm 3.

Of course, a majorization of the firms’ resources corresponds to an increase in the
resource-based Herfindahl-Hirschman Index (HHI), defined as the sum of the squared re-
source shares, Y, \(r;/R)?. As Proposition 7 shows, majorization-induced increases in the

resource-based HHI can cause a market that is efficient to become inefficient. This provides

17Such transforms are known as T-transforms: given vector (x1,...,2,), a T-transform of x is a vector
with two coordinates «; and xj, replaced by Ax; + (1 — M)z and Az + (1 — A)z; for some A € (0, 1).

18Proposition 7 can also be stated as saying that I1Q is Schur-concave (Marshall et al., 2011, p. 80).

9This result is reminiscent of the finding of Farrell and Shapiro (1990) that in a Cournot setup, under
certain conditions, “any capital sale raises price if and only if the acquiring firm is larger than the divesting
firm” (Farrell and Shapiro, 1990, p. 282).
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(a) TI¢ with four symmetric firms (b) TI¢ with five symmetric firms
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(c) Divestiture of A from firm 1 equally to firms 4 and

5 given initial endowments r = (%, 0,0, %, %)
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Figure 1: Expected budget surplus with binding individual rationality under the efficient mechanism, I1¢(r).
Panel (a) assumes that n =4, k = 1/2, and R = 1 and shows II°(r1,2/n — r1,1/n,1/n) for r1 € [1/n,2/n].
Panel (b) assumes that n = 5, k = 3/5, and R = 1 and shows I1¢(ry,2/n—r1,1/n,1/n,1/n) for r1 € [1/n,2/n]
and I1¢(r1,0,3/n —r1,1/n,1/n) for r1 € [2/n,3/n]. Panel (c) adds to panel (b) the values for II¢ associated
with divestitures of A from firm 1 equally to firms 4 and 5 starting from endowments r = (%, 0,0, %, %) All
panels assume that types are uniformly distributed on [0,1] and R = 1.

some support for spectrum aggregation limits that restrict the share of spectrum licenses for
a geographic area that can be held by a single mobile wireless carrier.?’

These results offer guidance for efficiency-enhancing divestitures. Specifically, divestitures
that move a market towards having endowments r* offer the potential for efficiency gains. If
firms are symmetric in terms of their maximum demands and distributions, then divestitures
that increase the symmetry of endowments do no harm in the sense that they weakly relax
the budget constraint (and the first-best remains possible if it was possible prior to the
change), and such divestitures potentially cause the first-best to be possible when it was not

prior to the change.

207.S. limits are embodied in 47 CFR §20.6 “CMRS spectrum aggregation limit.” Related to U.S. limits,
see Cramton (2013), related to Europe, see Gretschko et al. (2013), and related to Australia, see ACCC
(2018).
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Applying Proposition 7 to the question of divestitures, we have the following corollary:

Corollary 1. With symmetric distributions and maximum demands, divestitures that in-
crease the symmetry of endowments do no harm and potentially cause the first-best to be

possible when it was not prior to the change.

Further, if a competition authority can only require a divestiture of resources from one
particular firm, perhaps because that firm has taken actions that require approval from
the authority, to no more than one other firm, where that other firm must already have
some upstream activity, i.e., it has a positive resource endowment, then we can identify a
divestiture that maximally relaxes the no-deficit constraint. Specifically, if the designated
firm has the j-th highest endowment, then only possible divestitures that one need consider
are those that equalize the endowments of the designated firm and a firm with a lower,
positive endowment (Thon and Wallace, 2004), as long as the maximum demands of the
other firms allow that. That is, in considering a divestiture from firm 1 to firm 2 with

ro € (0,71), one would consider a shift of resources from firm 1 to firm 2 of

min{ﬁ;w, ko —rg}.

Any divestiture would need to go to a vertically integrated firm because those are the firms
with positive endowments and “room” to increase their endowments.

Figure 1(c) illustrates divestiture effects. It takes as the starting scenario the acqui-
sition by firm 1 of all of the resources of firms 2 and 3, with resulting resource vector
r = (g, 0,0, %, %) We then consider divestitures from firm 1, which, under the requirement
that divestitures must go to other vertically integrated firms, can only go to firms 4 and 5.
If divestitures are made equally to firms 4 and 5, then as shown in Figure 1(c), a divestiture
of a fraction of the amount that firm 1 previously acquired from firm 3 (e.g., A = 12—5) is
sufficient to restore the possibility of the first-best. Indeed, that divestiture produces a value
for II¢ that is not far from what is achieved by an equal reallocation of resources among
the three remaining vertically integrated firms, which would maximally relax the no-deficit
constraint given that firms 2 and 3 are no longer vertically integrated.

Turning to comparative statics with respect to the total supply R, maximum demands k;,
and number of firms n, we find that unlike the redistribution of endowment considered above,
those changes affect the interim expected allocation rule and so also affect the firms” worst-
off type functions. Of course, if symmetry is maintained both before and after the change,
the first-best remains possible both before and after. For example, given a symmetric setup,
if R increases, with the additional supply being distributed equally to the firms, then the

first-best remains possible. Similarly, if the common maximum demand £ increases, then
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again the first-best remains possible. And, if one of the firms is replicated, then symmetry

is again maintained, and so the first-best remains possible.

5 Boundaries of the firms

We now analyze what sets of ownership structures are stable in the sense that they would
be the ones one expect to see when all gains from bilateral transfers of resources at the ex
ante stage, that is, prior to the realization of private information, are exhausted.

The section is structured as follows. We first derive the second-best mechanism required
to determine payoffs for r such the first-best is not possible. Second, we analyze what degrees
of vertical integration are both consistent with exhausting gains from trade and the first-
best. Then we analyze in some detail the case with two firms, before turning to the case
with three or more firms. Readers primarily interested in the case of the two firms can skip
the section on second-best mechanisms because, as we show, only a characterization of the
first-best is required for that case. Before embarking, we provide background on the theory

of firm and on theories of raising rivals’ costs.

5.1 Background

Determinants of firm boundaries is a longstanding topic of study in economics, with a key
question being why we observe so much economic activity inside firms if markets are such
powerful and effective mechanisms for allocating scarce resources (Holmstrom and Roberts,
1998). Coase (1937) argues that firm boundaries can be explained by efficiency considera-
tions, including coordination problems and transaction costs. Others, including Klein et al.
(1978), Williamson (1975), Williamson (1985), Grossman and Hart (1986), and Hart and
Moore (1990), explain firm boundaries by incentives, including hold-up problems. In all of
these cases, the focus has been on explaining the extent of vertical integration. See Ata-
lay et al. (2019) for empirical evidence that firm boundaries are an economically significant
barrier to trade.

A “raising rivals’ costs” theory of harm argues that following vertical integration, the
integrated firm will charge more to external buyers for the inputs that it controls. The
profitability of such a strategy usually relies on diversion of downstream customers to the
integrated firm (see, e.g., Salop and Scheffman, 1983, 1987; Ordover et al., 1990). Raising
rivals’ costs theories have played a prominent, and sometimes controversial, role in antitrust
practice (see, e.g., Coate and Kleit, 1990; Salop, 2017)
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5.2 Second-best program

To derive the stable sets of ownership structures, or equivalently, the boundaries of the firms,
one needs in general to consider r such that the first-best is not possible. In other words, one
needs to know what is the second-best. In what follows, therefore, we derive the second-best
mechanism, which builds on Lu and Robert (2001) and Loertscher and Wasser (2019).

If TI¢(r) < 0, then the market only achieves the second-best. The relevant Lagrangian for
the problem of maximizing expected social surplus subject to incentive compatibility and no

deficit, assuming that individual rationality binds, is

firm i’ifurplus payment by firm ¢

3 (0::(0) — (W0, 0@:(0) i) + Y (100,00 (e>_9ir§)],

ieEN ieEN

EEQ

virtual type

where p is the Lagrange multiplier on the no-deficit constraint.

Given worst-off types 0 and p, one can solve for the allocation rule pointwise

This involves working with the ironed virtual type functions for any vertically integrated
firms (see Appendix A.3). Using Q*, we can define the expected budget surplus IT*(r; 0, ),
and then we can solve for @ and p that deliver ¢*(6;; 0, p) = r; and II*(r; 8, p) = 0.

5.3 Vertical integration consistent with profitability and the first-
best

In this section, we consider how market structure affects the profitability of ex ante resource
acquisitions and which acquisitions are most profitable for the firms involved, focusing on
acquisitions that do not disrupt the feasibility of an efficient allocation. As we show, an
acquisition that does not disrupt the efficiency of the allocation is profitable for the acquiring
firm improves the firm’s outside option and so improves the firm’s expected payoff from
participation in the mechanism.

For i € N, let n; € [0,1] denote firm ¢’s share of any budget surplus, where >._\.n;, = 1.
We focus on the mechanism (Q¢, M¢), where Q€ is the first-best allocation rule and M¢ is a

payment rule such the budget surplus is divided among the firms according to their shares:

~

By, [m§ (0;: 7)) = B, [W:(6:,6;)q (6:)] — rif; — ;T (r),
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which implies that the mechanism satisfies incentive compatibility, individual rationality,
and no deficit if and only if IT¢(r) > 0.
Denote firm 7’s expected payoff from participation in the mechanism, as a function of r,

as

ug (r) = Ko, [0:g; (0:) — m{(0:;1)].

If r is such that II°(r) > 0 and firm 1 acquires the endowment of firm 2 (assuming that
r1 +ry < k) and for r = (r; +172,0,r3,...,7,) we have II¢(r) > 0, then the change in firm
1’s expected payoft is

ui(t) —ui(r) = Eg [mi(f1;r) — m(0y;7)]

which is positive if 7, = 0 because 0;(-) is increasing in the relevant range.

Thus, an acquisition that does not disrupt the efficiency of the allocation is profitable
for an acquiring firm that does not capture any share of the budget surplus. In that case,
the acquisition improves the firm’s outside option and so improves the firm’s expected payoff
from participation in the mechanism. Further, acquisitions of larger endowments are more
profitable.

For firm 2, the firm whose endowment is being acquired, we have

uy(t) —us(r) = Eg,[ms5(0;1) — my(60a;7)]

= —7”292(7"2) + np(I1°(2) — 1I%(1)),

which is negative if 7, = 0 and if also if n, > 0 and 1 > 75 because then II¢(t) — I1°(r) < 0.
For the transaction to occur, we need the gain to the acquirer to be greater than or equal

to the loss to the acquiree. That is, assuming that 7, =n, = 0, we need

~e ~E

0 < ri(B(71) — 05(r1)) + ra(65(71) — O5(r2)),

which holds if, for example, the firms have symmetric distributions and maximum demands
because then the functions #; and 8, are the same (and nondecreasing), so 6, (71) > 5(rs).

Defining endowments r to be stable if there are no mutually beneficial pairwise transac-
tions and first-best permitting if 11¢(r) > 0, then we have the following contrasting results,

the first for the case of two firms and the second for the case of more than two firms:

Proposition 8. For n = 2, mutually beneficial transactions of endowments exist if and only
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if 11¢(r) < 0; r is stable if and only if it is first-best permitting.
Proof. See Appendix B.

And, now for more that two firms, we have:

Proposition 9. For n € {3,4,...}, a mutually beneficial pairwise transaction of endow-
ments exists if [1°(r) > 0 and there are two vertically integrated firms i and j with n;,+n; < 1;
that is, r is stable and strictly first-best permitting only if either (a) there is exactly one ver-

tically integrated firm or (b) there are exactly two vertically integrated firms i and j with

ni+7]j:1'

Proof. See Appendix B.

Propositions 8 and 9 imply that that with only two firms, one expects mutually beneficial
resource transactions to allow the first-best to be achieved, but that with more than two

firms, the first-best need not be achieved.

5.4 Firm boundaries with two firms

Given Proposition 8, for the case of two firms, the set of stable firm boundaries is the same
as the set of first-best permitting endowments. Thus, the case with n = 2 agents offers
reasonably clean and transparent results.

With only two firms, the ex ante resource allocation is also one-dimensional, and we let r
denote firm 1’s initial resource allocation, implying that firm 2’s is R —r. Using Proposition
1 and the definitions of the virtual type functions, expected revenue under the first-best with

binding individual rationality, IT¢(r) = II(r, R — r), can be written as

91(7“) 9
€ = S(x 1(z L (x fx 1(x lx—rAlr
Ium—l WMM(MFU+AMW<M<MFU b (r)

0a(r) [
S B — - T Ag T
+L wwmmwﬂm+ém%umuwww<3 0u(r),

where here we write firm 2’s worst-off type, 92(7“), as a function of firm 1’s endowment, which
means that 0,(r) is decreasing in . Given r, firm 1 worst-off type 01 (r) satisfies ¢y (64 (r)) = r
and firm 2’s worst-off type ,(r) satisfies gz(02(r)) = R — 7.

Differentiating f[e(r) with respect to r, it is straightforward to show that f[e(r) is strictly

concave for r in the relevant range.

Lemma 3. Forn = 2, II°(r) is strictly concave, dzdﬁ:z(r) <0, forr € (R — ka, k).
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Proof. See Appendix B.

To define a set of benchmark values, take the case of k; = ky = R. Within that case,
let r € (0,R) and 7 € (0, R) be the smallest and largest r such that IT1°(r) = 0, respec-
tively. That these are bounded away from @ and 6 follows from the impossibility theorem of
Myerson-Satterthwaite, and that they are bounded away from r* follows because, by Lemma
2, II¢(r*) > 0. Further, let 0, = 0;(r) and ; = 0;(F) be the worst-off types associated with
r and 7, respectively (writing these as functions of firm 1’s endowment). Because of the

monotonicity properties of worst-off types and r < r* <7, we have
0, <0 <0, and 0,<0<0. (6)

For the more general setting with maximum demands that are possibly less than R and
different from each other, we write r(k) and 7(k) to make the dependence on k explicit. The
values r(k) and 7(k) are such that the first-best is possible if and only if r € [r(k),7(k)].
These are the boundaries of the firms insofar as these are the only ownership structures one
should observe if firms transact at the ex ante stage until all gains from transactions are

exhausted. We then have the following result:

Proposition 10. For n = 2, the boundaries of the firms are
r(k) = ki — (K — R)Fi(6,) and 7(k) = k1 — (K — R)F)(6,).

Proof. See Appendix B.

The difference
7(k) — r(k)

is naturally called the range of first-best permitting endowments since the first-best is possible
if and only if 7 is in the interval [r(k),7(k)]. Together with (6), Proposition 10 implies that
this range is an increasing function of the excess demand K — R because 7(k) — r(k) =
(K — R)(F.(0,) — F1(65)), where f, > 05 and neither 6, nor 6, depends on K or R. This

gives us the following corollary to Prop. 10:

Corollary 2. For n = 2, the greater is the excess demand, K — R, the greater is the range

of first-best permitting endowments.

Proof. See Appendix B.

As shown in Proposition 2, firm boundaries depend on market structure, where greater

excess demand results in a larger range of first-best permitting resource shares. For example,
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with n = 2, k; = ko = R = 1, and F; = F; uniform on [0, 1], the first-best is possible if
r1 € [0.21,0.79] (as shown by Cramton et al. (1987), this is the set of possible ownership
shares for a “dissolvable partnership”).?! This interval of first-best permitting shares defines
the stable set of degrees of vertical integration. Retaining the assumptions that n = 2,
ki = R =1, and common uniform distributions, we can allow firm 2’s maximum demand ks
to vary, with ks € (0,1]. We illustrate this in Figure 2(a).

(a) Fi(z) uniform (b) Fy(x) = z contrasted with F(x) = 2

k2:1 f f f { k2=1 } f f |
0 0.21 r 0.79 1 0 0.21 0.79 1
I | k 2075 } T T x‘

kr=0.75 t f } { 2
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r r
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k 205 ‘! T T 1‘
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Figure 2: Range of first-best permitting endowments. Bars indicate the range of r; such that the first-best
is possible, with ro = 1 — 7. Assumes n =2, k; = R = 1, and F, uniform on [0, 1], with F} and ks varying
as shown.

As illustrated in Figure 2(a), because with n = 2 profitable transactions move the market
to first-best permitting endowments, we obtain the prediction that the market will be char-
acterized by vertically integrated firms, with bounds on the extent of vertical integration as
shown in the figure. The smaller is ks (lower is the overall excess demand), the tighter is the
stable set of endowments.

In addition, Figure 2(b) illustrates the effect of a FOSD improvement in firm 1’s distri-
bution. For Fi(x) = z® and Fy(z) = x, both r(k) and 7(k) increase with s, which represents
a FOSD improvement in firm 1’s distribution, as long as s is sufficiently close to 1. Thus,
the effect of such an improvement in firm 1’s distribution is to shift the stable set towards
higher endowments for firm 1 and corresponding lower endowments for firm 2.

These comparative statics also offer a novel perspective on the classic case study of
General Motor’s acquisition of 60 percent of its supplier Fisher Body in 1919, which was
followed by full vertical integration between the two firms in 1926. Of course, our model is
stripped of many of the intricate details that have shaped the debate surrounding that episode
(see e.g. Klein et al., 1978; Klein, 2000, 2007; Coase, 2000; Casadesus-Masanell and Spulber,

21 For this case, I1°(r) = —r2 4+ r — 1/6 and so r = 3’6‘/5’ =0.2113 and 7 = S%ﬁ = 0.7887.
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2000; Roider, 2006) and is therefore agnostic as to the relative merits of the explanations
that have been put forth. What our model does suggest, however, is that growth in demand
for General Motor’s products, which was not matched by the growth of independent demand
for Fisher Body’s input, made a much larger degree of vertical integration optimal in 1926
than before to the 1920s.22

5.5 Firm boundaries with three or more firms

With n > 2, the implications for firm boundaries are more complex. For example, starting
from strictly first-best permitting shares, the sharing of the positive budget surplus that
arises in that case may create opportunities for profitable integration by two firms (harming
the third). This takes us to the boundary of the first-best permitting endowments. From
that point, “raising rivals costs” effects associated with the majorization of the endowment
vector move the market to the second-best region. This can be expected to continue until
no further profitable majorization is possible. This raises questions whether markets might
be characterized by continued churn involving episodes of integration and disintegration, or
whether the only stable sets involve boundary endowments—i.e., buyer and sellers—implying
that the first-best is not possible.

To illustrate, assume n = 3, k = 1, R = 1, and types that are uniformly distributed
on [0,1]. Define 7 such that II¢(7,7,1 — 27) = 0, which implies that endowment vector
(7,7,1 — 27) is on the boundary of the first-best permitting endowments (7 = 0.12). Allow
firm 1 to acquire portion A of firm 2’s endowment, producing post-integration endowment

vector
(f—l—A,f—A,l —212).

22Production by Chevrolet, GM’s flagship division, increased by more than 25 percent per year between
1918 and 1929, while the production of GM’s biggest rival, Ford, grew at an annual rate of less than 10
percent during that period (see U.S. Automobile Production Figures).
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Figure 3: Effects of shifts in endowment from firm 2 to firm 1.

As shown in Figure 3, as the resource endowment is shifted from firm 2 to firm 1, firm
1 is better off, firm 2 is worse off, and firms 1 and 2 are jointly better off. Meanwhile, the
external firm, firm 3, is worse off and, not shown in the figure, social surplus decreases.

Exploring further, consider the starting point (7,7,1 — 27) discussed above. Firms 1
and 2 increase their joint surplus if firm 1 acquires all of firm 2’s endowment, resulting in:
(27,0,1 — 27). Then, firms 1 and 3 increase their joint surplus if firm 3 acquires 1.337 units
of firm 1’s endowment, resulting in: (0.677,0,1 — 0.677). At this point, further endowment
shifts are not jointly profitable.
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Figure 4: Illustration of shifts in endowments and implied firm boundaries.

In this example, market forces produce: 1 buyer and 2 asymmetric vertically integrated
firms and outcomes away from the first-best.

Our results on the boundaries of the firms have implications for topics of interest in
industrial organization and antitrust, particularly, as we discuss here, the notion of vertical

integration raising rivals’ costs.
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Building on our prior analysis, we have the following result:

Proposition 11. Forn € {3,4,...}, if [I°(r) = 0 and there exist two vertically integrated
firms, then a mutually beneficial pairwise transactions of endowments exists that results in

resource vector v’ with I1°(r") < 0.

Proof. See Appendix B.

The requirement in Proposition 11 that there be two vertically integrated firms arises
because the result relies on two firms being able to shift resources from the one with the
weakly lower worst-off type to the one with the weakly higher worst-off type. The only way
for this to occur is with two vertically integrated firms. To see this, note that a buyer’s
worst-off type is 6, so it always has the lowest worst-off type, but it has no resources to shift
to another firm. A seller’s worst-off type is 6, so it always has the highest worst-off type,
but it has no demand for to additional resources. With two vertically integrated firms, each
has resources to sell and capacity to buy more, so a shift of resources from the firm with
weakly lower worst-off type to the one with the weakly higher worst-off type is feasible. A
shift in resources of this type, reduces 11¢ below zero by Proposition 6. To show that such
a transactions between vertically integrated firms is mutually beneficial for those firms, we
must account for the overall loss of efficiency in the market as a result of the first-best no
longer being possible. But because the other firms absorb some of the impact of the loss
of efficiency, the first-order effect of the shift in endowments for the two trading firms is to
increase the sum of their outside options, which reduces their payments to the mechanism
and leaves them better off.

Of course, the reduction in efficiency is the only effect on the rival firms, so they are

worse off, which gives us the following corollary:

Corollary 3. With n > 2 and I1°(r) > 0, vertically integrated firms have an incentive for

transactions that harm riwals and reduce social surplus below the first-best.

Because vertically integrated firms have an incentive for transactions that reduce the
efficiency of the market below the first-best and that these transactions harm rivals. This
suggests that concerns related to raising rivals’ costs can be tied to the overall efficiency
effects of shifts of resources among vertical integrated firms. This result contrasts with the
finding of Farrell and Shapiro (1990) that in a Cournot setup, a profitable reallocation of
capital that reduces welfare benefits the rivals, who will increase their output in response to
the contraction in total output by the transacting firms. Thus, they do not get a ‘raising
rivals’ costs” effect because the welfare reduction is born entirely by the transacting firms.

In contrast, in our setup, the reduction in the efficiency of the market affects all firms.
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The contrast in the boundaries of the firms between the case with two firms and the
one with more than two firms (see Propositions 8 and 11) is stark, and perhaps a little
disturbing. After all, one may wonder, why should such a seemingly small difference make
such a big difference? However, Propositions 8 and 11 have precursors in the complete-
information literature and debate on the Coase Theorem, with Aivazian and Callen (1981)
arguing that with more than two agents, the emptiness of the core may render any efficient
bargaining impossible, and Coase (1981) countering that his argument (Coase, 1960) was
based on the case with two agents. With that in mind, Propositions 8 and 11 provide an

incomplete-information formalization of these opposing views and forces.

6 Extensions

In this section, we analyze various extensions of the model. We first study individual firms’
incentives to increase their own resources at some cost from an outside supplier and compare
these to what the social planner would want the firms to do. Second, allowing the firms to
invest to improve their type distributions, we show that the endowments that permit efficient
reallocation also induce efficient investments (which also allows us to reconsider the GM-
Fisher Body case). Third, building on Loertscher and Marx (2022), we analyze incomplete

information bargaining when the market mechanism may favor some agents relative to others.

6.1 Increasing total supply

In this section, we consider the effects of additions to the total supply of resources. We
find that additions to the resources of the largest firm can render the first-best no longer
possible. Specifically, for n = 2, an increase in r; means a decrease in excess demand and
so, by Proposition 2, the range of first-best permitting r; shrinks. Thus, starting from the
maximum 7; in the first-best permitting interval, the increase in r; results in endowments
outside the set of first-best permitting endowments, with negative implications for all firms.?
Thus, the marginal cost at which a firm is willing to buy incremental endowment exceeds
what the planner would be willing to pay to endow that firm with incremental endowment.

For endowments that are strictly first-best permitting, a marginal increase in one firm’s

23This contrasts with the result of Farrell and Shapiro (1990) for an oligopoly setup that, under certain
conditions, an increase in the assets held by the largest firm increases welfare, and an increase in the assets
held by a sufficiently small firm reduces social surplus. The intuition for their result is that in their setup,
an increase in a firm’s assets shifts output towards that firm. If the firm is already the largest, then it has
the lowest marginal cost, so this is a shift in production towards the lowest-cost firm, which increases social
surplus. An increase in the assets of a sufficiently small firm shifts output towards a higher-cost firm, which
reduces social surplus.
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endowment need not prevent the first-best, but it does change the first-best allocation rule
itself because the additional resources must be allocated (recall that we assume that K > R
so that there is demand for additional resources). The change in the allocation rule weakly
increases the worst-off types of all firms, with a further strict increase in the worst-off type of
the firm receiving the additional resources. The additional resources are allocated efficiently
and so increase social surplus. On net, the changes in the firms’ worst-off types benefit the
firm receiving the resources. It is straightforward to show that that the marginal cost at
which a firm is willing to buy incremental endowment can exceed what the planner would
be willing to pay to endow that firm with incremental endowment.?* Thus, firms can have

excess incentives to increase their own resources.

6.2 Investment

We now allow firms to make investments that affect their type distributions without changing
the supports. Specifically, given investment e; > 0, f;(;, e;) with support [0, 0] denotes the
density of i’s type, and given e = (ey, ..., e,), we denote by f(0;e) = X;en fi(6;; €;) the joint
density of 8. For each firm i, the cost of investment is given by ¢;(e;). The social planner’s
problem is
max [ 0-Qr(6)f(6:e)db Y cic),
© Jear ieN

where Q¢(0) = (Q5(0),...,Q5(0)), Q5(0) € [0, k;] is the efficient allocation of i given 6, and
0 - Q°(0) denotes the inner product. We assume that the solution to the planner’s problem

€ is unique and for all ¢ characterized by the first-order condition

. Q° f(0;@) 9fi(0, &) s
/Wne Q (O)fi(ei,a) de 10 (&)

As shown by Liu et al. (2022), given €, there exists r such that first-best is possible

without running a deficit. Moreover, assuming that investments are not observable and
not contractible, given r, the game in which firms first simultaneously choose investments
and then participate in the market mechanism has an efficient Nash equilibrium e*, that
is, an equilibrium satisfying e = €; for all ¢ (see Liu et al., 2022, Proposition 8). Thus, in
this, like in many other incomplete information models, there is no tension between efficient
investments and efficient bargaining or transactions—efficient bargaining implies that there

is an equilibrium with efficient investments.

2For example, with n = 2, k; = ky = 1, and types that are uniformly distributed on [0,1], for r such
that TI¢(r) > 0, the derivative of firm 1’s expected payoff with respect to 71 is 5/12 and the derivative of
social surplus with respect to 71 is only 1/3.
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Applied to the GM-Fisher Body case, this would mean that the degree of vertical inte-
gration that became necessary to permit efficient transactions as the demand for GM’s cars

grew also aligned with incentives for efficient investments in type distributions.

6.3 Allowing for differences in bargaining power

Thus far, we have assumed that all agents have the same bargaining power insofar as the
market mechanism maximized the equally weighted sum of agents’ payoffs, subject to the
various constraints. But it is of course conceivable, and in practice often argued, that some
agents have more bargaining power than others. To accommodate for this possibility, we
now adopt the market mechanism based on incomplete information bargaining of Loertscher
and Marx (2022), adapting it to the setting in which a firm’s position as a buyer or seller is
determined endogenously, as in Lu and Robert (2001) and Loertscher and Wasser (2019).

We assign to each firm i a bargaining weight w; € [0, 1], and we assume that at least
one firm has a positive weight. We assume that the market mechanism maximizes the
weighted sum of the firms’ expected surpluses. That is, we assume a market mechanism
(Q,M), with Q : [0,0]" — [0,R]" and M : [0,0]" — R", where for reports 8, Q;(6)
specifies the quantity allocated to firm ¢ and M;(@) specifies the payment from firm i to the
mechanism.?® Feasibility requires that Y ien @i(0) < R. We focus on incentive compatible,
individually rational mechanisms (see the appendix for formal definitions) that have no deficit
in expectation, i.e., Eg[} ;.\ M;(0)] > 0, and assume that, subject to those constraints,
(Q, M) maximizes

Eq sz‘ (0; min{k;, Q:(0)} — M;(0))| ,
ieN

where firm ¢’s outside option associated with not participating in the mechanism is 6;r;.

To incorporate bargaining weights, it is useful to define weighted virtual type functions:

1 - E(0)

1=00) 4 S () = _ o F)
10 d vy (0)=0+(1 )

\I/fa(ﬁ) =0—(1—-aq)

and the associated combined function U, ,(6, x).

The relevant Lagrangian for the problem of maximizing expected weighted surplus subject

25By the Revelation Principle, a focus on direct mechanisms is without loss of generality.
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to no deficit, assuming that individual rationality binds for all firms, is

firm i’ijurplus mechanism budget surplus
L=Eg Z w; ((9z — W, 0(6;, 91))622(9) + éﬂ“z) +p Z U, 0(0;, 91)@(9) - 9ﬂ“z‘ )
ieN ieN

where p is the Lagrange multiplier on the no-deficit constraint. The solution value for the
Lagrange multiplier must have p > maxw because otherwise the Lagrangian is maximized
by running an infinite deficit, in violation of the no-deficit constraint.

We can rewrite this as

D Wi (05,6)Qi(6

iEN

2w

iEN

= pEg

Given p > maxw and (6;);env (with 0; = 6 for all i € NS and 0; = 6 for all i € N'B),
one can maximize £ with respect to Q pointwise, subject to each ); being nondecreasing,

which is necessary and sufficient for incentive compatibility, by choosing Q to maximize (see
Loertscher and Wasser, 2019)

Eg

> Ui (6:,6)Qi(6 )],

ieN

where, because ¥, , is not monotone, we employ standard ironing techniques to this function
(see, e.g., Loertscher and Marx, 2020) to derive Em, which is the ironed version of ¥, , and
z; is the ironing parameter (see Appendix A.3).

Specifically, for any (6, 0, p, w), rank the ironed weighted virtual types @i, wi (6, 9,) from
largest to smallest, breaking ties at random so that individual rationality is s;tisﬁed. This
gives us an ordering of firms, and we can define Z to be the set of the first [ firms in
that order, where I is the maximum number of firms whose demand can be fulfilled, at least
partially, starting with the firm with the highest ironed weighted virtual type and proceeding
in sequence. Thus, I is defined so that the sum of the maximum demands for the first 7 — 1
firms in the sequence is less than R and the sum of the maximum demands for the first I
firms in the sequence is greater than or equal to R. Let I* denote the index of the firm whose
ironed weighted virtual type is I-th in the sequence. Thus, > 7\ ki <R <37, ki (To
reduce notation, we do not explicitly indicate the dependence of Z, I, and I* on (8,0, p,w).)
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The allocation that maximizes £ for a given (6, 0, p, W) is then given by

0 if i € N\Z,
Q;(0,0,p,w) =< it i € T\{I"},

Given QF (0, 0, p, w), the worst-off types as a function of p and w, 9*(;), w), are given by
for all i € NV,

Eg—i [Q: (07 é*<p7 W): Ps W)] =Ty

Then the solution value of the Lagrange multiplier, p*, is the minimum value for p such that

the no-deficit constraint is satisfied, i.e.,

A~

> " Wio(0:,0; (0, w))Q1(0, 8" (p). p. w) — 8 (p, w)r@-] > o} .

ieN

p* = min {p > maxw | Eg

If there is a budget surplus at the first-best allocation, then that surplus is distributed to the
firms with the largest bargaining weight. If more that one firm has the largest bargaining
weight, we break ties by assuming that any surplus is allocated equally among those firms.

We illustrate in Figure 5 for the case of two firms how the payoffs under incomplete
information bargaining vary with bargaining weights and endowments. For different values
of ry and ro = R—rq, the figure shows the expected gains from participation in the mechanism
of firm 1 and firm 2 for the different possible bargaining weights. Letting A = w; —wy, when
A =1, firm 1 has all the bargaining power, and when A = —1, firm 2 has all the bargaining

power. The case of A = 0 corresponds to equal bargaining weights.

28



1/6
0.151
— }"1:0
rl =0.1
0.11
r1:O.2
— }"|=0.3
— V1:0.4
005 i | =0.5

Figure 5: Frontier of gains from participation associated with the range of possible relative bargaining
weights, with A = w; — wy, for different values of r; as indicated and ro = 1 — ;. Assumes n = 2,
k1 = ko = 1, and types that are uniformly distributed on [0, 1].

As shown in Figure 5, an increase in a firm’s relative bargaining weight increases its
expected payoff, but can also decrease the social surplus. The first-best is possible if r; is
sufficiently close to 1/2 and A is sufficiently close to 0, i.e., the firms’ endowments and bar-
gaining weights are sufficiently symmetric. However, even with symmetric endowments, the
first-best is not possible with extreme relative bargaining weights; and even with symmetric

bargaining weights, the first-best is not possible with extreme endowments.

7 Discussion

Contract restrictions

The incomplete information setup assumes that transactions—horizontal or vertical mergers—
occur before private information is realized. The only contracts available at that stage are
simple transactions of property rights. In particular, no contracts are admissible that are
contingent of future realizations of private information. So this is a restriction on the con-
tracting space at the ex ante stage. Without it, the first-best would always be possible, but
it would be also be hard to see how firms—that can bind themselves in these ways—are still

independent entities.
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Internal agency problems within vertically integrated firms

With the interpretation that every firm has demand for the input, and that costs for produc-
tive capacity only arise from the opportunity cost of not being able to serve that demand,
vertical integration does not mean that the vertically integrated firm has to solve an internal
agency problem: if firm ¢ obtains some of firm j’s productive capacity, ¢’s opportunity cost
for this capacity will be ;. This means that we are not simply assuming the agency problem
internal to the vertically integrated firm away as does the literature, which is always subject
to criticism—in particular, if one does not spell out how the firm solves this problem, it is
actually a bit tricky to make the case that the (alleged) efficiencies are merger-specific be-
cause there is no agency problem internal to the firm. At the same time, vertical integration
still eliminates a double-markup (or information rent) problem with the (newly) vertically
integrated firm. Suppose that k; = k; = 1 = r; and r; = 0 prior to integration. Prior to
integration, firm ¢ has to pay an information rent to firm j if it wants to consume a unit.
Post integration, firm ¢ does not have to pay an information rent because it owns the supply
unit. But of course, now firm j is a buyer and has to pay an information rent if it wants to
consume. In this setting, assuming that n = 2, transferring the supply unit from one firm
to the other one does nothing to improve outcomes in the sense that the first-best remains
elusive and the transfer merely changes to index of the firm who is the buyer and the firm
who is the seller in the Myerson-Satterthwaite problem. The reason why partial vertical
integration can be welfare improving, and indeed induce the first-best, is that it reduces
overall information rents and thereby the aggregate value of outside options; in some sense,

it reduces overall market power.

“Backward” vs ‘“forward” vertical integration

It is tempting to interpret the differences arising in our setting between the cases where (i) a
buyer acquires a supply unit (with no associated change in distributions) and (ii) a supplier
acquires another buyer (in which case the distributions will have to adjust) as differences
between “backward” and “forward” vertical integration. But this is not quite right because
the direction of integration does not matter. In case (ii), it would be the same if a buyer
acquired a supplier, which includes its downstream demand; and in case (i), it would be
the same if a supply unit—defined as a productive capacity without access to downstream

demand—acquired a buyer.
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Mergers with both horizontal and vertical components

We have modeled vertical mergers as firm ¢ acquiring the resources of firm j, producing a
merged entity that has resources r; 4+1;. One could similarly define a horizontal merger that
creates a merged entity has demand k; + k; with an adjusted type distribution. Combined
horizontal and vertical mergers can be viewed as reducing number of firms, in which case, in
order to maintain comparability, one must adjust the designer’s objective, including rescaling

bargaining weights and market surplus shares.

Consumer surplus effects

Competition authority objectives may differ. In some settings, a focus on firm surplus
is without loss of generality because firm surplus and consumer surplus are aligned. See
Loertscher and Marx (2022) for a setup in which the resource input improves quality by
a known multiplicative factor and thereby maintains alignment between firm surplus and

consumer surplus.

8 Conclusions

There is a growing recognition of the need to derive theoretical predictions as well as policy
prescriptions without arbitrary restrictions of the contracting space. With that in mind,
the way results are derived can be as important as the results themselves. The independent
private values model provides a framework that dispenses with arbitrary restrictions on the
contracting space. By analyzing vertical integration in an incomplete information model,
our paper contributes to the growing literature in Industrial Organization that uses the
independent private values model to reconsider questions and problems of longstanding and
concurrent interest.

Our model provides no basis for a presumption that vertical integration is either inher-
ently good or bad as a certain degree of vertical integration is necessary and sufficient for
the first-best. We also show that with two firms, the equilibrium level of vertical integration
aligns with that which a benevolent social planner would choose. However, this goods news
does not, generally, extend beyond two firms, suggesting that a fundamental tension be-
tween private and social incentives for vertical integration and an ongoing role for antitrust
scrutiny. Moreover, our model provides a rationale as well as guidance for divestitures and

a new perspective on the boundaries of the firms.
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A Appendix: Concepts and derivations

A.1 Mechanisms and constraints

Take as given a direct mechanism (Q, M), where Q; : [6,0]" — [0, k;] and M; : [0,0]" — R.
Given reports 6, Q);(0) is the quantity allocated to firm ¢ and M;(8) is the payment from firm
1 to the mechanism. By the Revelation Principle, a focus on direct mechanisms is without
loss of generality.

Let ¢;(z) be firm i’s expected quantity if it reports z and the other firms report truthfully,

and let m;(z) be firm ¢’s expected payment if it reports x and the other firms report truthfully:
qi(x) = Eo_,[Qi(x,0-:)] and mi(x) = Eg_, [M;(z,6_;)].

Because we assume independent draws, ¢;(z) and m;(z) depend only on the report x and not
on the reporting firm’s true type. The expected payoff of a buyer with type 6 that reports
x is then ¢;(z)0 — m;(x).

The mechanism is incentive compatible for firm i if for all 6,6 € [0, 6],

Individual rationality is satisfied for firm i if for all @ € [0, 0], u;(6) > r;0;. The mechanism

satisfies the no-deficit condition if

E, [ZM,-(G)] > 0.

ieN
A.2 Interim expected payoffs and expected payments

Standard arguments (see, e.g., Krishna, 2002, Chapter 5.1) proceed as follows:

Incentive compatibility for firm ¢ implies that

ui(0) = max {g;(2)8 —mi(r)},

z€(9,0]

i.e., u; is a maximum of a family of affine functions, which implies that u; is convex and so

absolutely continuous and differentiable almost everywhere in the interior of its domain.? In

26A function h : [0,0] — R is absolutely continuous if for all ¢ > 0 there exists § > 0 such that
whenever a finite sequence of pairwise disjoint sub-intervals (6, 6},) of [0, 6] satisfies Y, (6}, — 0;) < &, then
>k [1(6;) — 1 (8)] < e. One can show that absolute continuity on compact interval [a, b] implies that h has
a derivative i’ almost everywhere, the derivative is Lebesgue integrable, and that h(z) = h(a) + [ I/(t)dt
for all x € [a, b].
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addition, incentive compatibility implies that w;(z) > ¢;(0)x — m;(0) = w;(0) + ¢:(0)(x — ),

which for e > 0 implies
€

> q;(0)

and for ¢ < 0 implies
€

< q(0),

so taking the limit as € goes to zero, at every point 6 where u; is differentiable, u}(6) = ¢;(6).
Because u; is convex, this implies that ¢;(0) is nondecreasing. Because every absolutely

continuous function is the definite integral of its derivative,

0. + _fgéi%‘(t)dt if 6 <0,
f@i ¢;(t)dt  otherwise,

which implies that, up to an additive constant, firm ¢’s expected payoff in an incentive-
compatible direct mechanism depends only on the allocation rule.
Using u;(0) = 0g;(0) — m;(6), this gives us

[P gyt if 0 < b,

mi(0) = 0g:(0) — wi(0) + 0
- f@i ¢;(t)dt otherwise.

(8)

Individual rationality requires that uz(@l) > 1,0, which requires that ml(él) < 0. If individual
rationality binds, i.e., mz(@l) = 0, then evaluating (8) at 0 = 0, and using qz(@l) = r;, We

obtain
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Using the definition of m; in (8), the expected payment by firm i is then
0
Bm(0) = [ mio)fio)ds
0

_ /0 <xq¢(:c)+/xiqi(t)dt.lmi—/éi qi(t)dt-1x29i> Filw)dz — ui(0)

0 0 0 A
= [ aw@n@ir+ [ R@ads - [ (- F@ad - @)

/ (7 Fi7 ) wotaris+ / (0= ) ) et - (0

0, 0 .
_ / S (2)qs () fu() i+ / U8 () qu(a) filw)d — u(B)

0;

_ / W, (2, 0:)q(x) fi(w)d — s (B)
= [y, [\1’1(9“9@)%(92)} - “l@l)’

where the first equality uses the definition of the expectation, the second uses (8), the third
switches the order of integration and integrates, the fourth collects terms, the fifth uses the
definitions of WY and W2, the sixth uses the definition of W;, and the last equality uses the

definition of the expectation.

A.3 Second-best mechanism and ironing
To define the second-best mechanism, we use the weighted virtual type functions, defined as:

—1 — Fi(6) an s = -«
o) W VLO=0+01-0)

v (0)=0—(1—a)

and the associated combined function U, ,(6, x).

Then we can rewrite the Lagrangian as

Z\p%ez,e

ieN

—l—Z (1—p 97‘Z

ieN

= pEg
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Let Wi,a denote the ironed weighted virtual type function. That is,

wPL(0) if UP, () < 2,
U o(f,2) =14 2 if U5 (0) <z < U7, (0)
\pfa(e) otherwise,

where the ironing parameter z; is such that

T \Pf(;l(zi)
[ @nw-maro= [ @ v @)

-1

We illustrate the ironed virtual type function in Figure A.1.

(a) Virtual type functions (b) Ironed virtual type function

|
T
|
T
AY

\

5
=
SIS

[N VI P —)
\

Figure A.1: Hlustration of ironed virtual type functions. Assumes types are uniformly distributed on [0, 1].

Using results of Loertscher and Wasser (2019), given p, 0, and tie-breaking probabilities,
one can maximize £ with respect to Q pointwise, subject to each ); being nondecreasing,

which is necessary and sufficient for incentive compatibility, by choosing Q to maximize

> Tia(6:,6)Q (0)] :

ieEN

Eeo

and employing the tie-breaking probabilities to break ties among the ironed virtual types.
Specifically, for each 6, rank the ironed weighted virtual types \If («91, 0, ;) from largest to
smallest, breaking ties according to the tie-breaking probabilities, and assign the supply to
the highest-ranked agents.

Given this allocation rule and the associated interim expected allocation rule q, which
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are functions of p, é, and the tie-breaking probabilities, one can then jointly determine p, é,
and the tie-breaking probabilities so that: (i) p is the smallest value greater than or equal to
1 such that the no-deficit constraint is satisfied, i.e., [I(r) > 0; and (ii) @ are the worst-off
types, i.e., ¢;(#;) = r; for all i. Using Loertscher and Wasser (2019, Theorem 1) such values
exist, including tie-breaking probabilities that take the form of a hierarchical tie-breaking
rule defined by a = (ay,...,a,) € A™! that specifies a probability distribution over the
n! possible orderings of the n agents. Given a tie among agents in Z, a hierarchy is chosen
according to the probability distribution a and then tied agents are ordered according to the

chosen hierarchy.
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B Appendix: proofs

Proof of Proposition 4. Suppose that agent 1’s distribution changes from Fj to Fy in the
sense of first-order stochastic dominance, that is, for all § € (0,0), we have Fy(0) < Fy(6).
Denoting the common worst-off type given Fy and Fy by é, we have (by the same arguments

as in the proof of Proposition 10)
Fy(0) + Fy(0) = 1.
Because of first-order stochastic dominance, we have
0 < 0.

Denoting by # and T the endowments that maximize [1¢ before and after the change in firm

1’s distribution, as shown in the discussion following Lemma 3, 71 = R — ks + (K — R) F5(0)

and ™ = R — ks + (K — R) F5(0), which implies that 7y < 7;. Of course, 7o > 7 because
endowments add up to R.

Proof of Proposition 6. Take as given incentive compatible mechanism (Q, M), endowment
vector r with 9?(7“1) > 9?(7"2), and A € (0,min{k — r1,7r2}]. To reduce notation, in what

follows we write 0;(r;) instead of 6, (r;). Then we have

HQ(rl + Ay — AT, ) — HQ(r)

— &, [\DLO(O, 01 (r, + A))ql(e)} Oy (ry + A+ A)
+Eg [‘112,0(9, 92(7‘2 - A))QQ(H)] - é2(7“2 - A)(TQ - A)

~

—EQ |:\I/1,0<9, 91(7“1))(]1(0)} + 5’1(7“1)7“1 — EQ \112,0(9, ég(’l“g))(]g(e) + 492(7”2)7“2.
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Using the definition of the expectation and W, o, we can rewrite this as

01 (r14+A) 0
[ veamann+ [ wioamane

01(r1+A)

[T e+ [ enoe@mo

B2 (roa—A)

—01(r1 4+ A) (11 4+ A) — Oy (rg — A)(rg — A) + 01(r1)r1 + O(ra)rs

01 (r1+A4) 91(T1+A
[ oo [ 0 ()R (1)
0
91 T'1+A
[ eonoeno- [ etoanane
01 01 T‘1+A)
92 92
/ (D)dF(t / WS (H)ga(H)dF (1)
O2(ra—A)
Bo(r
—/ W2 (D) (t)dFs(t) + 0o (1) dFs(1).
02(7‘2 A) 92(’/‘2 A)

Rearranging, we have

01(r14+A) B2 (r2)
/‘9 (WP (t) = WTo(t) qr(t)dFi(t) + /0 (W3o(t) — W5(1)) qa(t)dFa(t)

1(r1) B2 (ra—A)

—01(ry + A)(r1 + A) = Oa(r2 — A)(ry — A) + 01(r1)ry + (1)1
91(r1+A 92(7“2

—él(m +A)(r + A) — 6, ( — A)(ry — A) 4 01(r1)r1 + O5(ra)ry

< (él(rl FA) - él(rl)) (r1 + A) — (e (2) — B(rs — A)) (rs — A)

—01(r + A)(r1 4+ A) — Oy(ry — A)(rg — A) + 601(r1)r1 + Oa (1)1

- (éz(m) _ 91<r1)) A

< 0
where the first equality uses W9 (t) — U5 (t) = Lt), the inequality uses the results that ¢; and
0; are increasing and that ¢;(6;(z)) = z, the second equality simplifies, and the final inequality
uses our assumption that 92(7’2) <6, (r1). Thus, OR(ry + A, rg — A 13, ..., rn) — H%(r) < 0,

which completes the proof. B
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Proof of Proposition 7. Given y that majorizes x, where y and x are assumed to be sorted
in descending order (the procedure applies equally to vectors that are not initially sorted by
simply sorting them), the T-transform proceeds by letting j be the largest index such that
x; < y; and k be the smallest index greater than j such that y, < x,. Because y majorizes
x, such j and k exist. (It is necessarily the case that z; < y;, and for the smallest index
such that x and y differ, it must be that the element of y is larger. Given that the elements
of x and y sum to the same amount, there then must be an index k such that y, < xy.) It
then follows that
Yk < Tp < x5 <Y

A
Yji—Yk

and

Define A = min{y; — zj, 2, —yr} and 1 — A =

y = (yh e Y1, Y5 — A»yj+1, U1 Yk A Y, 7yn)'

Then y majorizes y* and all elements of y* are nonnegative. Further, by the definition of A,
we have A > 0, y,+A <z < k, which implies that A < k—y;, and yp+A < yp+y;—z; < y;,
so A € (0, min{k — yi, y;}]. Thus,

y = (yfa e 73/;'<—17Z/;'< + Aay;-l,-la e 7yZ—1>y;: - A?Z/Z-&—l? s 7y2)7

with yf —yp = yj — A~y —A > yj—yp— (y; — ¥5) — (Tr—yr) = 75— 71 > 0. Because y; > y;
and using the assumed symmetry (which implies that 9? (+) is the same for all ¢ and so we
can drop the firm subscript), 9" (y;) = 9Q(y,j), and so by Proposition 6, II9(y) < II?(y*).
To see that iteration of this process produces x in a finite number of iterations, for two
vectors u and v, d(u,v) be the number of nonzero differences u; — v;. Because y; = x; if
A =y; —z; and y; =z if A =z, — yg, it follows that d(x,y*) < d(x,y) — 1, implying that

x can be derived from y in a finite number of iterations. H

Proof of Proposition 8. If I1°(r) < 0, then the first-best is not achieved under r. The two firms
can increase their joint payoff through, for example, a transaction that shifts endowments
to r*, where II°(r*) > 0 so the first-best is achieved (and the first-best surplus is divided
between the two firms). If II°(r) > 0, then the first-best is achieved prior to any transaction
(and first-best surplus is divided between the two firms), so no further increases in joint
surplus are possible. This completes the proof of the first part of the proposition.

Turning to the second part of the proposition, suppose that II°(r) > 0 and there exist
two vertically integrated firms indexed by 1 and 2 with 7, + n, < 1. By virtue of the firms
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being vertically integrated, 0 < r; < k; and 0 < ry < ky. Without loss of generality, we can
assume that 65(ry) < 0;(r1). Because r; < k; and 0 < 7, there exists A > 0 sufficiently
small that the endowment vector r’ defined by r] = +A, r) =ry— A, and r’_ (12} = T—{12}
is a feasible endowment vector (i.e., 11 + A < ky and 0 < ry — A). Further, using the
continuity of I1¢ and the assumption that II°(r) > 0, there exists A > 0 sufficiently small
that II¢(r") > 0. Taking A to satisfy these conditions, the first-best is achieved under both

r and r’, and by Proposition 6,
I1°(x") < II(r). (9)

Defining m;(r;) = Eq, |V, 0(0;, @f(rz))qf(ﬁz) —r,@f(m) and noting that I1¢(r) = ZieN m;(ri),
it follows that
HE(I‘) — He(r’) = ml(rl) + mQ(’l“g) — ml(T1 + A) — mz(’f’g — A) (10)
Because firm i’s expected surplus under the first-best is

ug (r) = By, [0:; (6:)] — 1 (rs) + n;1°(x),

the change in the joint expected surplus of firms 1 and 2 from a change in endowment vector

from r to r’ is

uf(r') + ug(r') — uf(r) — us(r)
= = (r+A) + () = mha(ra — A) +npI1(x") + 1 (1) — i 11°(x) + 1a(r2) — 9, 11°(r)
= (1—mny —mny) (I%(r) — II°(x))
> 0,

where the first equality uses the definition of u¢(-), the second equality uses (10), and the
inequality uses the assumption that n; + 1, < 1 and (9). Thus, the joint expected payoff
of firms 1 and 2 increases as a result of shifting amount A of firm 2’s endowment to firm 1,

which completes the proof. B
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Proof of Lemma 3. Taking the first derivative of I1¢(r) we obtain

dl'gr(r) _ da;ff“) (W50 (r) = W 02)) 02 (0)) 1 02(r)) = 7] = 01(r)

where the second equality uses W% — WP = —1/f; which implies that (V¥ —¥P) fi¢; = ¢;, and
that ¢ (A1(r)) = r and go(05(r)) = R — r. Because 6, (r) increases in r and 05(r) decreases

in r, d?:z(r) < 0 follows. W

Proof of Proposition 9. The result on instability follows from Proposition 8. Because I1¢(r) >
0, which implies that the first-best is possible, Proposition 2 implies that there is at least
one vertically integrated firm. If there is only one vertically integrated firm, then the only
possible transactions are from a seller to a buyer, a seller to the vertically integrated firm, or
the vertically integrated firm to a buyer. Because the sellers’ worst-off types are 6, buyers’
worst-off types are §, and the vertically integrated firm’s worst-off type is in (6, 0), each
of these transactions is from a firm with a higher worst-off type to a firm with a lower
worst-off type, which by Proposition 6, increases I1¢, to the detriment of the trading firms’
joint expected surplus. So such transactions are not mutually beneficial, implying that the
endowment is stable. If there exist exactly two vertically integrated firms ¢ and j with
n; +mn; = 1, then the only possible transactions from a firm with a weakly lower worst-off
type to a firm with a weakly higher worst-off type are transactions between the two vertically
integrated firms, but because 7,+n; = 1, such transactions do not change the firms’ expected
joint surplus, implying that the endowment is stable. If there are more than two vertically
integrated firms, then necessarily there are two of those vertically integrated firms, ¢ and 7,
for which n; +n; <1, so the condition of the proposition is satisfied for the endowment not
to be stable.

Proof of Proposition 10. Recall the we assume that max{k;, ko} < R < k; + ky = K. For
the purposes of the proof, we add k as an argument to ¢; and I1°, so we have ¢;(0; k) and

I1°(r; k). Recall that firm 4’s interim expected allocation is
¢:(6;k) = F;(0) (K — R) + R — kj, (11)

where j # i. Recall that ¢, and 6, are the worst-off types when k = (R, R) and firm 1’s
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endowment is r, which is the smallest endowment such that I1°(r; (R, R)) = 0. Thus, we

have

~

II°(r; (R, R)) = 0.
From Lemma 1, we have ¢;(0;; (R, R)) = r and ¢2(0y; (R, R)) = R —r, so
RF,(0,) =r and RF|(0,) =R —r,
which implies that
r= R(l - Fl(QQ))

and
F2(Q1) + Fl(Q2) =L

We show that when
r(k) =k — (K — R) F1(0,),

(12)

(13)

(14)

(15)

as claimed in the statement of the lemma, the worst-off types continue to be (,,6,) and that
r(k) is the smallest endowment r such that II¢(r; k) = 0. On the latter point, by Lemma 3,
I1°(r; k) is strictly concave in 7, so we need only show that II°(r(k); k) = 0 and r(k) < r*(k).

Using (14) and (15), we have
¢:1(61;k) —r(k) =0

and
qa(by; k) — (R —r(k)) =0,

which by Lemma 1 implies that (0,,0,) are the worst-off types when firm 1’s endowment is

r(k).
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Next we show that II¢(r(k); k) = 0. Using (3), (11), and (15), we have

11 (r(k); k) i

- /0 U (@)1 (s K)AF (v) + /9 VP @)ar (s k)dF (@) - ok,

0, 0
S N €T B I )(g2\ T, 20T ) — — T 2
T / WS (2)go k) dF () + / WP (2)go(2: K)dF () — (R — (k)0

0, 7
:/9 U (2)(Fy(x) (K — R) + R — ky)dFy () + /0 UP(2)(Fy(z) (K — R) + R — ky)dFy(z)

+ /9 U3 (z) (Fi(x) (K — R) + R — ki) dFy(x) + /9 U (x) (Fi(z) (K — R) + R — ky) dFy(x)
— (ki = (K = R) F1(0,)) 0, — (R — k1 + (K — R) F1(6,)) 0.

Using ¢1(0; (R, R)) = RF»(0) and ¢2(0; (R, R)) = RF;(6), we can rewrite this as
(0049 = (K~ R) [ 00)fa(eRIAE) + (K - R) [ 090 (IR

0, 0
HK=R) [0 g RIRE) + (K~ B) [ 90 pato R)R)

(R~ k) / " WS (@)dFy(2) + (R — k) / P (2)dF (x)

241
) _

(R k) / WS (@)dFy() + (R — k) / V2 (2)dFy(x)

— (b — (K — R) Fi(8,)) 0, — (R — k1 + (K — R) Fy(6)) 0,.

46



Integrating and using (13), E[UP(z) | 2 > p| = p, and E[¥F(x) | x < p] = p yields

A

I°(r(k); k)
K—-R., K—-R K—-R
= —% I(r; (R, R)) + 7 Lt —p (R—r)0,
+(R = k)0, + (R — k1) 0y — (k1 — (K — R) F1(0,)) 0, — (R — k1 + (K — R) F1(6,)) 0,

= S (R ) + (K = B) (1= (@), + (K = R)F (6,0,

+(R— k)b + (R — k1) 0y — (ks — (K — R) F1(05)) 0, — (R — k1 + (K — R) F1(6,)) 0,

K_RAe .
S )

- 0,
where the final equality uses (12).
It remains to show that r(k) < r*(k). Note that r*(k) is such that
(B0 1) = (k) and go(B(1); k) = 1— r*(K),

which means that Fy(0(k)) (K — R) + R — ky = r*(k) and Fi(0(k)) (K —R) + R — ky =
R —r*(k), and so
F(OK) + Fy(0(k) = 1,

which implies that @(k) does not vary with k. Dropping k as an argument of 9, we have

~

r(k) = ki — (K — R) F1(0).

By the definition of 7 and Lemma 2, which implies that I1¢(r*(k); k) > 0, we have r <
*(R, R), which implies that 1 — F(6,) < 1 — F1(0), and so 6 < 0,. It then follows that

r(k) = ki — (K — R)Fy(0,) < ky — (K — R)F1(0) = r*(k),

which completes the proof for 7(k). The result that 7(k) = k; — (K — R)F} () follows from

analogous arguments. W

Proof of Proposition 2. Using the notation of the proof of Proposition 10, endowment r and
associated worst-off types 0, and 0, are defined by ¢1(0,; (R, R)) =r, ¢2(05; (R, R)) = R—r,
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and II¢(r; (R, R)) = 0. The first two equations amount to
Fy(0,) + Fi(8:) = 1, (16)

which does not depend on R or K. Using the result of Proposition 10 that r = R(1 — Fy(6,))
and noting that ¢;(0; (R, R)) = RF;(), we have

I el ..
Lt (R )

0, 0
- / S () Fy(a)dF () + / V(o) Fy(w)dFi(x) — (1— Fu6,))8,  (17)

Y

0, 0
+ [ B@R@RE + [ B @R - F@)6,
] 9

where the right side does not depend on R or K. Thus, 0, and 0, are defined by (16) and the
condition that the right side of (17) is equal to zero, and so do not depend on R or K. Using
this along with the arguments in the body of the paper prior to Proposition 2 completes the
proof of the proposition. H

Proof of Proposition 11. Assume, as in the statement of the proposition, that n € {3,4,...},
[I¢(r) = 0, and firms 1 and 2 are vertically integrated. Without loss of generality, assume
that 6 (r1) > 65(rs).

Define resource vector T(A) by 71(A) =711+ A, 79(A) = rp— A, and T_(1 9} (A) = r_q1,9,
which is feasible for A € [0, min {k; — r1,72}], which is a nonempty interval because firms 1
and 2 are vertically integrated. Because we are considering a shift from the firm with the
weakly lower worst-off type to the firm with the weakly higher worst-off type, by Proposition
6, for all A > 0 in the feasible range, we have

I°(F(A)) < II(r) = 0. (18)

Using the results of Appendix A3, for resources F(A), the Lagrangian associated with

designer’s problem can be written as

Z\Ij 1 9179 Qz

ieEN

L =Eq —|—Zl—

ieN

7:

where p is the Lagrange multiplier on the no-deficit constraint. Further, as discussed in

Appendix A.3, given A and p, the worst-off types Q(A, p) and second-best allocation rule
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Q*(6: 6, p) are jointly determined by the equality constraints Eq [Q?(6;; 0, p)] = 75(A) and the
requirement that Q*(6; 0, p) assigns the supply R to the firms up to their maximum demands
in order according to the ranking of their ironed weighted virtual types (Ej’%(ej, 9j)>j€N,
with ties occurring with probability zero for p = 1, which will be the relevant case for us.
Thus, given p, the effect of A on Q*(6; Q(A, p), p) comes only through its effect on é(A, p).

For a given A and p, we can write the interim expected allocation rule of firm 7 as

where
4 (0:(A,p); 0(A, p), p) = T5(A).

To reduce notation, for the next part of the proof, we drop the arguments of é(A, p) and
simply write 6. It is to be understood that @ is evaluated at the relevant A and p.
Using Proposition 1, given A and p, the budget surplus under binding individual ratio-

I (5(A); 8,p) = 3 Bo, [Wio(0:, 8:)4: (0 0,0)] = 3 i7i(A)

ieN ieN

nality is

Letting p*(A) be the solution value of the Lagrange multiplier given A, by (18), we have
I (5(A):0, " (A)) = 0. (19)

Further, because I1°(¥(0)) = I1°(r) = 0, it follows that p*(0) = 1 and that p*(A) increases as

A increases above zero,

Ip*(A)
oA

> 0 and p*(A) > p*(0) for A > 0. (20)
ALO

Using the results of Appendix A2, given A, the expected payoff of firm i is

To establish that the envisioned transaction between firms 1 and 2 is mutually beneficial, we

need to show that for A > 0 sufficiently small,

> w(d) > ) o). (21)

1€{1,2} i€{1,2}
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Using the definitions of @;(A) and II*, we can write

S () = 3 Ea (000050, 5 ()] — T E(2):0,"(2)

i€{1,2} 1€{1,2}
D (B, [ 0000050550, 0°(A)] ~ 75(8))  (22)
JeEN\{1.2}
- Z ]EG [Zqz Quevp (A))]
1e{1,2}
0 (B, [95000,.0)0;6:0.7(A)| — by,
JEN\{1,2}

where the second equality uses (19) and 7;(A) = r; for j € N\{1,2}. Thus, the joint
expected payoff of firms 1 and 2 is equal to their expected utility from consumption plus the
expected payments by their rivals.

As can be seen in (22), A only enters -, 5, @;(A) through 6 and p*(A). Focus first on
effects coming through 6. Using the definitions of the virtual type functions and ¢;(6;; 6, p) =

T,

(Eai [\Pi,o(eiyéi)%(ei;éap)} —9 z) )

= (U5(0:) — WP )(0,))4:(0:; 0, p) £:(0:)
0; (0.- 0 0 (0. 0
T / w5, (0, 29:050:0) 4o g / w0, 26:0:0) 4 g (23)
0 ' 00; 8, 00;
A A g 0 i 019
- qz(el,e,p>+/ U, (65, 0;) Q(aé ) k0 — 7,
0 i

Using (23) and noting that ¢} (6;; 0, p) is independent of 6 when p = 1, the derivative of the
right side of (22) with respect to 6 is zero when evaluated at A = 0. Thus, when considering
the effect of a marginal change in A on } ;. 5, %(A) at A = 0, we need only consider
effects that come through p*(A).

50



It follows then that

B} . ) 00:(0,:0.1) 94 (0:;0.1)
> @) = p"0) | D Es Z— YD By W00 7
1€{1,2} 1€{1,2} JEN\{1,2} P
1
- Z]Eo z—aql 92;0 )]
1EN
y 0 dq:(0;;0,1) 0 dq*(0;;0,1)
+p"(0) Z (/ Fj(@)%d@j —/ (1— Fj(@))ja—d@j
jenii2y \/2 p b P
= p"(0) Z (/ Fj(@)%d@j—/ (1—Fj(9j))%d9j :
jeafL,2r \72 p b; P

where the second equality uses the definition of U,y and the third equality uses

Sk o

1eEN

0, 000500
Op

which follows from the envelope theorem. To see this, define £~(A, p) to be the Lagrangian

evaluated at the optimal allocation rule and optimal worst-off types as a function of A and
p:
L(A, p) = Eq

> 0iq7(6:: 6, p)] — (1= p)IT"(F(A); 8, p). (24)

ieN
By the envelope theorem, %ﬁ’p) =II*(r(A); @,p). Thus, using (19), Mm‘é—’;@)) =0, and so
differentiating (24) with respect to p and evaluating at A = 0 and p*(0) = 1, we have

Z giw] ’ (25)

ieN 3p

which is the desired result.
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Figure B.2: Illustration of effects of increase in p on ironed weighted virtual types

By the definition of the ironed weighted virtual types that underpin ¢f, ¢’ (6;; é, p) in-
creases in p for 0; < 0; and decreases in p for 6; > 6,. This is illustrated in Figure B.2. Thus,
> icqi2y 4;(0) = 0 and for A > 0 sufficiently small }_, ¢ 5, @(A) > > ey 5y @(0), which
implies that transactions between firms 1 and 2 of A > 0 sufficiently small are mutually
beneficial. By Proposition 6, such transactions result in II¢(F(A)) < 0, which completes the
proof. W
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